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Abstract

The time of arrival and the traversal time through a region of a free particle
with spin % are computed by applying the relativistic extension of the event-
enhanced quantum theory presented in a previous paper. There is a very good
coincidence of the results of this formalism and the results obtained by using
classical relativistic mechanics.

PACS numbers: 03.65.Xp, 03.65.Pm, 03.65.—w

1. Introduction

When does a particle arrive at a given point? This is a simple question but it cannot be
answered unambiguously in the standard formulation of quantum mechanics. Nevertheless,
there are many theoretical proposals to introduce a quantum time of arrival concept. A review
can be, for example, found in Muga, Sala and Palao [1] and an extensive review including a
lot of references in Muga and Leavens [2].

The related question of how long a particle needs to traverse a given finite region is also
problematic in standard quantum mechanics. This time is called traversal time. It is often
examined if a potential is in the given region and the particle must tunnel through the region.
Reviews about ‘traversal time’ and ‘tunnelling time’ are given in [3-7].

It is possible to deal with these questions of ‘time of arrival” and ‘traversal time’ by using
the extension of standard quantum mechanics called event-enhanced quantum theory (EEQT)
[8—11]. TIts non-relativistic version was proposed by Blanchard and Jadczyk [12—-14]. The
main idea of EEQT is to view the total system as consisting of coupled classical and quantum
parts. The pure states of the quantum part are wavefunctions which are not directly observable,
whereas the pure states of the classical part can be observed without disturbing them. Changes
of the classical pure states are discrete and irreversible, they are called events. A review about
other applications of EEQT is, for example, given in [15].

In this paper, we shall examine the ‘time of arrival’ and the ‘traversal time’ using a
relativistic extension of EEQT for one spin—% particle. Let us consider a two-dimensional
spacetime and a freely moving particle (except for the influence exerted by the detectors,
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see below). Blanchard and Jadczyk have introduced a relativistic extension of EEQT [16]
using the idea of a proper time and an indefinite scalar product. In a previous paper [17], we
have presented the alternative approach followed here.

In section 2, this approach will be summarized. Different possible initial states of the
particle will be presented and discussed in section 3. In section 4, we shall compute the ‘time
of arrival’, and the ‘traversal time’ in section 5. The paper will end with a conclusion.

2. A relativistic extension of EEQT

We shall first review the extension of EEQT proposed in [17]. It describes one spin—% particle
in a relativistic way and in four-dimensional spacetime. Here, let us restrict ourselves to a
two-dimensional spacetime.

We postulate the existence of a supplementary, intrinsic time, called proper time t. It
is independent of the reference frame and plays the role of (absolute) time in non-relativistic
quantum mechanics. As in EEQT, the total system consists of a classical and a quantum part
which are coupled. At a given proper time 7, the (pure) state of the total system is a pair
(w7, V7). w; is the state of the classical part and W, is the state of the quantum part.

A (pure) state of the classical part is a number w, € Ny = {0, 1, 2, ...} and a change of
the classical (pure) state will also be called ‘event’ as in non-relativistic EEQT.

The (pure) states of the quantum part will be (heuristically) solutions ¥ : R x R — C*
of the Dirac equation. Because only a free particle is examined in this paper, we use the free
Dirac equation

ad
ihc WY(ct,x) = HyW(ct, x 1
3 (ct, x) oW (ct, x) (1)
with Hy = —ichiy®y'L + mc?y? and the Dirac or standard representation of the y-matrices

(see e.g. [18]). The space of quantum states is denoted by H. A more precise definition of H
can be found in [17].

Now, let us introduce a positive-definite scalar product between two quantum states
lI/A, \I’B e H:

(WalWp)xH 3=/]'§B dfy. (2)

with o an arbitrary space-like hyperplane, j4, = Wy y#Wp and d £, denotes the differential
‘surface’ element of o. This scalar product is well defined because it is independent of o.
This follows from Gauss theorem and the fact that d,, j ; = 0. Moreover, one can show that
this scalar product is covariant, its value being independent of the reference frame.

We introduce the operators U, v, With cfo, xo € R:

(Utcty,x) V) (x) := W(cty, xo + X).

An interesting property of a quantum state is that it is uniquely given by its values on a
space-like hyperplane o. Therefore, the operators Uy, x,) are invertible. W = U(;tt,xm'ﬁ is
the solution of the free Dirac equation (1) fulfilling the initial condition W (cfy, x) =

Y (x — xp), SO
Wet, x) = (U(ZIL’XO)w> (ct, x) = exp (—%(r _ to)Ho) W (x — x0).

Now, we shall formulate an algorithm for modelling continuous relativistic measurements,
indeed detections of the particle, by rewriting the algorithm of EEQT, replacing ¢ with t and
using the Hilbert space of ‘solutions’ H.
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The reference frame is denoted by K. Hereafter, the preparation event at proper time
T = 79 is assumed for simplicity to be associated with a spacetime point (cfy, xo). The initial
particle state after the preparation should be W. Let us consider n detectors with trajectories

zj(t), j =1,...,n. The trajectories start at proper time T = 7o from the backward light-cone
of the spacetime point of the ‘preparation event’:
2 2
(cto — 25(w0))” = (o — ;) =0 Zj(w) < cto.

Detections which happen in the past of the preparation time are possible, but only if the

detection spacetime point is not located in the backward light-cone of the spacetime point

of the preparation event. Similarly, we always demand that no event can be placed in the

backward light-cone of the previous (concerning the proper time) event. Each detector is

characterized by operators G;(t) : H — H. Let G}'(l’) be the adjoint operator. The total

coupling between the quantum and the classical part is given by A(7) := Z_’I’.:l G}'(T)G i (1).
The detection algorithm is defined in the following way:

(i) The preparation event at proper time T = 7( is associated with the spacetime point
(cto, xo). The quantum state is Wy, with | W, ”?—t = (U, | ¥, )H = 1 and the classical state
is w,, = 0.
(i) Choose uniformly a random number r € [0, 1].
(iii) Propagate the quantum state forward in proper time by solving

9 1
— U, = ——A(D)VY,
oe > () 3)

until T = 11, where 7 is defined by

T
1=y |, fo AT (W, | AW, )y =1

0
Let w; = wy, until T = 74, a detection happens at proper time T = 1.
(iv) We choose the detector k—which detects the particle—with probability

1
pe = | Gews [,

. n 2
with N =30, |G (x) Vs, |-

(v) Let / be the detector which detects effectively the particle. The detection happens at the
point z;(t;). The detection induces the following change of the states:

G v,
(@r., W) —> (l, _Oa)y ) :
1Gi ()W, (1%
The algorithm can start again perhaps with other detectors at position (ii).

Because the scalar product is covariant, this algorithm is covariant. Moreover, its
non-relativistic limit reduces to the algorithm of the non-relativistic EEQT. If we ‘charge
conjugate’ the initial state W, — \IJTC0 = C)/OT\IJ;‘0 and the detector functions G;(r) —
CyOTij(t)yOTC’f with C = iy?y", then the algorithm will give the same detections as if
we start with W and G;(t) (choosing the same random numbers). The quantum state in
the ‘charge conjugated’ world W< and the quantum state in the ‘normal’ world are always
connected by WC = Cy°" W,

Note, that also an algorithm for modelling ideal measurements of infinitesimal small
duration is formulated in [17]. It can be seen as playing the role of a relativistic, covariant
reduction postulate.
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3. Initial quantum state

We examine three different initial states of the particle in this paper. Remember that an initial
state of the particle must be a solution of the Dirac equation (1).
The first state corresponds to a state with only positive energies:

E+m
1 1 X
Wo p(ct, x) = — / dk— Fa (k - @) O | explik(x — xo) — iEer)
Np 2F h 0
k

with i = 2¢ £ = Vi + 12,

k2
Far(k) = exp <_7Ak2 — k2) for |k| < Ak
0 otherwise

and Np being a normalization factor so that ||Wg p ||${ = 1. This state describes an electron
with charge —e.
The second one corresponds to a state with only negative energies:

A

E—
1 1 Po 0 . A
Wo(et, v) = o [ dk Py (k - ?> o |k =30 +iken
k

with Ny being a normalization factor so that ||V x ||721 = 1. Note that the above algorithm
is invariant under charge conjugation. Considering the charge conjugate of the initial state
and the detector functions, we get the same events. Because the ‘charge conjugated’ world
and the ‘normal world’ should describe the same physical situation and because the charge
conjugation of Wy y describes a particle with charge +e in the ‘charge conjugated world’, we
demand that the initial state W, 5 describes a positron with charge +e also in the ‘normal’
world.
As the third initial state, let us consider a mixed state:

1
- 1 x2 po 0

Wo.p(et, x) = Ugly, m“"(‘m 7) 0) o
0

E +
V211 1 2 Po\? 0 . .
= W dkﬁ exp|—n (k - 7) 0 exp(ik(x — x¢) — iEct)
k
E —
V21 1 2 Po\? 0
+ S [ dk—exp (=0 (k+ 2%)
emyi | Cop TP 7 0
k
x exp(—ik(x — xo) +iEct).
The constants are fixed in such a way that ||lI/0,,z>N||721 = 1. We will choose n > 2;'%

with 2% ~ 0.002A being the approximate amplitude of a zitterbewegung (see for



Relativistic time of arrival and traversal time 10433

example [18]). Therefore, zitterbewegung will not be visible. Nevertheless, there must
be a physical interpretation of the mixed state: we assume that the particle (a single particle)
can be in an ‘electron-state’ (solution with positive energies) and in a ‘positron-state’ (solution
with negative energies), in analogy with the case that a particle can be, e.g. in a spin +%—state
or in a spin —%—state. Superpositions as Wy py of the two states should be (in analogy with
the spin-case) possible and allowed.

4. Free time of arrival

In this section, the above algorithm is applied to simulate the detection of the particle by
one detector at rest. Let us use the reference frame K, in which the detector is at rest. The
particle should move freely (except for the influence exerted on it by the detector) in positive
x direction. The preparation event at proper time 7y, = 0 is associated with a spacetime point
(0, x9). The mean momentum of the particle is pg. The detector is put at xp with xp > xo.
Its trajectory is z(t) = (¢t + xo0 — Xp, Xp). It measures the time of arrival of the particle at
xp. The coupling operator should be given by
G(1) = U 8(0)Usr)

Z

with g(x) characterizing the sensitivity of the detector:

2w
g(x) =/ TDFf (x).

The adjoint operator is G*(t) = U;(Tl)gJ’(x)Uz(r). Because it is possible that the particle is
never detected, we stop the algorithm at T = eyt (With eyt large).

Since the algorithm is covariant, the choice of K as the reference frame is arbitrary. The
algorithm can be applied in any reference frame, and there will result (if we choose the same
random numbers) the same events in all reference frames.

Using our algorithm, the probability that the detector detects the particle at all is

Tcut
P Z/ dr (W | AW ).
0
The probability density for a ‘proper time of arrival’ at the detector is given by (t < Tcur)

p(r) = L(lllr“\q/r)?-t-
P
It is zero for T < 0 and T > tcyr. Using this probability density for ‘proper time of arrival’,
the probability density and the expectation value for the time of arrival can be calculated in an
arbitrary reference frame.

Let us first look at the detector’s rest frame K. If a detection happens at proper time 7,
then it happens in spacetime point z(t) = (¢t + xog — Xp, Xp). This implies a time of arrival
of t =7 — *2==_ So we get the following probability density for the time of arrival in the
detector’s rest frame K:

0o(t) = p <t+w).
C

The expectation value (or mean time of arrival) is

Tuo = /dt too(t) = /dr <r — @) p(r) = /drrp(r) — g.
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Now, we want to calculate these values in a reference frame K, which moves with velocity
v with respect to the detector’s rest frame K. The Poincaré-transformation Ky — K, has the
following form:

. 1 -2
X=— X.
/ 2 \—2 1
[ c
2

The detector trajectory in K, is
5 2\ 2 v v v
Z(t) = 1——2 (ct+x0—xD——xD, —vr——x0+—xD+xD).

c c c c

So the normalized probability density for the time of arrival in the reference frame K, is

given by
- v? V2. xp—x9 U
0v(t) =4/1——=p 11— =+ +—=xp
c? c? c c?

and the expectation value (or mean time of arrival) in K, is

N 1 v
T = [ 67000 = —=—= Mo~ S0)]. )
-

4.1. Numerical approach

The reference frame K is used to compute p(t). Therefore, we define
Q(t,x) = U;)¥V7)(x) = VY (cT +Xx0 — Xp, Xp +X).
If W, is a solution of (1) and (3), then

ct

. . 0 —_— [0V,
ma—Q(t,x)=1hc—\IJ,(cr+x0—xD,xD+x)+1h e (ct+x0— Xxp, xp +x)
T T

a(ct)
h
= HyQ (7, x) — i§g+(x)g(X)Q(f,X)- (5)

This equation must be solved with the initial condition €2 (0, x) = W(xg — xp, Xp +x). Then,
Py and p(t) can be calculated because (W |AW )y = [dx Q*(t,x)g"(x)g(x)Q(z, x).
Using p(t), we get oo(t) and T, o.

The proper time dynamics of €2 is approximated by

( Atl | ) i ATl |
Q(r+AT) ~exp [ =2l gt ()g(x) | exp (—AI—HO) exp (———g (x)g(x)) Q7).
2 2 h 22
We discretize the proper time and space with steps Axz = cAtz = 0.0004 A. Then, the
first and the last operators can be computed directly. The second operator is discretized by
using the method of Wessels, Caspers and Wiegel [19]. The boundary conditions are walls
at x = —6A and at x = 4 A in such a way that Q(t, =6 A) = Q(z,4A) = 0 for all 7.
Let tcur = 13.0A/C (po < 0.5mc), tcur = 7.0A/c 0.5mc < po < 0.75mc), Tecur =
5.0A/c(0.75mec < py < 1.0mc), tcur = 4.5A/c(1.0me < pg). The simulations is
done again with other time and space steps Axy = cAt4 = 0.0006 A. So the error in the
expectation value 7, o can be approximated by

A)CB
error(7,0) = = T |Ta,0(Axp) — Ta,0(Axa)l. (6)
B

AJCA—A
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Figure 1. Mean time of arrival 7, ¢ versus particle momentum p in the detector’s rest frame
Ko, relativistic simulation with detector parameters Axp = 0.01 A, Wp = 1 x 1075 mc? started
with different initial states : Wy p (boxes with error bars), Wq v (triangles with error bars), Wo py
(circles with error bars), other parameters see text; classical relativistic mechanics 7, gy (dotted
line); the figure inside is a zoom of the right lower area of the figure outside.

4.2. Results

We set xo = —1A, Ak = 10A™
1 x 1073 mc?.

Figure 1 shows the corresponding expectation values of the time of arrival 7, in the
detector’s rest frame K for different momenta pq and for the three different initial states. The
error bars are calculated using (6). In addition, figure 1 shows the arrival times calculated by

using the classical relativistic mechanics of a point-particle:

, N = O.IA,XD = OA, AXD = OOIA and WD =

2,2

Xp — Xo m
taRM = p 1+ 5
Po

c

The expectation values are nearly independent of the initial state Wy py, Wo p or Wo y.
Furthermore, there is good agreement between the values we computed and the results obtained
by using classical relativistic mechanics. Only for very high momenta, the expectation values
of the simulation with W, py are a bit smaller than the times from classical mechanics and
those obtained by the simulations with other initial states.

The reason can be seen in figure 2, which shows probability densities in the detector’s rest
frame K. For pg = 2.0 mc and Wy py, there is a small probability for negative times of arrival
due to the negative momentum components of the initial state Wo py. The cutatt = —14/c
results from the restriction that an event cannot be placed in the backward light-cone of the
previous event (see section 2). The small probabilities for negative times of arrival explain why
the expectation values of the simulation with Wy py are smaller than the results of classical
mechanics and those of the other simulations. We also see that the probability densities are
(nearly) the same if we start with W p or Wy y.

The expectation values T, , in different reference frames are connected by (4). Note
that in classical relativistic mechanics the time of arrival 7, gy in the reference frame K,
is connected to the result 7, gy in the reference frame K in the same manner (compare
with (4)):

- 1 v
ta,RM = _— [ta,RM - ;XD] .
v
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Figure 2. Probability densities oo for the time of arrival in the detector’s rest frame K, detector
parameters: Axp = 0.01A, Wp = 1 x 1075 mc?, initial state: Wo,p (small solid line), Wo x
(big dotted line), Wy py (dashed line), particle momentum py; the vertical solid line indicates the
arrival time deduced from classical relativistic mechanics.

Another important and interesting question is how the expectation values depend on the
parameters of the detector. The initial state is now the function W, p with positive energies.
‘We shall examine those particle momenta which are also examined in figure 1 and compute the
probability densities and the expectation values for four different pairs of detector parameters.

First, using a ‘higher’ detector (Axp = 0.01 A, Wp = 1.0mc?), the expectation values
and the normalized probability densities do not change for all examined particle momenta.
The detection probability P, increases with increasing detector height Wp,.

Next, using a wider detector (Axp = 0.4 A, Wp = 1 x 107 mc?), the expectation values
again do not change. The normalized probability density does not change in a significant way,
it only becomes a bit wider. Again the detection probability P, increases with increasing
detector width Axp.

The results only change for a very wide and height detector (Axp = 0.4A, Wp =
1.0mc?). The expectation values and the normalized probability densities are then shifted to
earlier times.

In summary, the simulations show a wide range of detector parameters for which the
results do not change significantly.

5. Free traversal time

Using two detectors at rest one behind the other, it is possible to measure the traversal time
through the region located between the two detectors. Let us use the detectors’ rest frame K.
The preparation event at proper time T = 0 is associated with a spacetime point (0, x¢). The
particle moves in positive x direction. We put a detector D at x| with x; > x. Its trajectory
is z1(t) = (¢t + x9 — x1, x1). This detector can detect the particle without destroying it. A
second detector D, is put at x, with x, > x;. Its trajectory is z2(7) = (¢T + xo — X2, x2). It
destroys the particle after detection.
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At the beginning of the measurement, both detectors D; and D, are active. If detector
D, detects the particle, it turns itself off, but detector D, stays on. If detector D, detects the
particle, the experiment is completed. Thus, the particle can be detected by detector D; at
a time #; and then by detector D, at a time #,. If this happens, the time difference , — #; is
defined to be the ‘traversal time’.

It is also possible that the particle is detected by D, without prior detection by D, but
this situation should not contribute to traversal times. Moreover, it is possible that the particle
is never detected or only detected one time by detector D;. For this reason the experiment
or simulation should be stopped after a reasonable and finite period of time tcyt (With Tyt
large).

This measurement is simulated by applying the algorithm described in section 2. The
coupling operators of detector D; should be given by

Gj(f) = Uz;(l-[)gj(-x)U”/(T) j=12

with g(x) characterizing the sensitivity of the detector D:

2W;
gj(x) = TF%(X)-

Let W, be the initial state and W, the solution of (1) and (3). Then, the probability that
the particle is detected by D; at all is

Tcur
Poy = / dr (W |GT(1)G 1 (T)Wy),,.
0
The probability density that the particle is detected by D is given by (t < tcyr)

1
Pi(1) = ——(¥[G1(1)G1 (1) V),

Poo,l
If a detection by detector D happens at 7y, the quantum state after the detection is given by
P .— Gi(t) ¥y, %)
o = .
1G1(z) W, 1%

Let <I>§T') be the solution of (3) with initial state (7). The conditional probability that the
particle is detected a second time by D if it is detected by D; at 1 is

Tcur

PO = / dr (DTG (12) Go (1) D),
T

and the probability density for a second detection at proper time t, by detector D, after a

detection of detector D; at proper time t; is given by

1
Py (w) = (,l)( H(@)Ga(m) @), .

Finally, the probability density for a first detection by D; at 7; and a second detection by D,
at 7o is
(t1) (71)
Py (12) P p1(71) Poo,1
JoT AT P pi(0) P,
N ( 3(0)Ga(r) V), (W, |GG (1) Wy, ),

= 2 forO < 1) < tcyrand 71 < T < Teur
12 10 otherwise

p12(11, 2) =
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with Py 12 being the probability that the particle is detected two times:

Tcut
P12 = Pxo, / dt P pi(7)
0

Tcut Tcut
Z./ mn/ dr( @G (1) Ga (1) @LV), (Vs |G (1) G (1) ¥y, ),
0 T

Note, that this probability density is independent of the reference frame in which the algorithm
is applied.

We now calculate traversal times in different reference frames. In contrast to pj,, the
probability density for traversal time depends on the reference frame.

Let us start with the detectors’ rest frame K. If the first detection of D; happens at proper
time 7y, then it happens at spacetime point z;(t;) = (c1; +x9 — X1, x1). If the second detection
of D, happens at proper time 7, then it happens at spacetime z>(72) = (¢ + Xo — X2, X2).
The resulting traversal time is, therefore,

X0 — X2 X0 — X1 X2 — X1

t=Th+— —T| ———— =Tp — T| —
c c c

So the normalized probability density for the traversal time in the detectors’ rest frame K| is

given by
X2 — X1
po(t) :fdrplz (r,t+7+r>.
c

The expectation value of the traversal time (or mean traversal time) in K is

X2y — X
T,yo=/dll/dl’p12<‘[,t+#+‘[>.
C

Next, these values are calculated in the reference frame K, (the reference frame which
moves with velocity v with respect to the detectors’ rest frame Ky). The detector trajectories
in K, are

v v
Z1(t) = —— (cr +Xx9)— X — —X1, —VUT — —(xo—x])+x1)
c c

B v v
Z(t) = —— (cr +Xx0— Xp — sz, —UT — ;(xo — X7) +x2) .

2

CZ
If the first detection of D; happens at 7; and the second detection of D, happens at 15, then it
results in a traversal time of

~ 1 X2 — X1 v
f=—— (-0 -2 - Sn—x).
-2 c c

So the normalized probability density for the traversal time in the reference frame K, is

given by
V2. Xxo—x; v
pu(f) = 1—— dr pi2 1——t t——+ 5 —x)+7).
c c

The expectation value of the traversal time (or mean traversal time) in K, is

V2. xp—x; v
T,y= | drt 1—— dt pi2 1——1‘ +t——+ 5 —x)+r7
c c

=72[Tz,0 :2(2 xl)] ®)
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5.1. Numerical approach

Let us use the reference frame K. For computation of the algorithm until the first detection,
we define

QA(Ta X) = (U(ct+x07x|,0)\ljr)(x) - \IJT(CT + X0 — X1, X)
W, should be a solution of (1) and (3), so
.0 h h _
lhEQA(T,X) = HoQ2p — lzgf(x —xDgix —x)Q2s — 15T82(X —x) g (x —x2)T 7'
)

with T = U(craxy—x,,0) U(;rl+x0—xz,0) = exp(—(xy — xl)jHo). A solution of this equation has
to be found satisfying the initial condition €24 (0, x) = Wo(xo — x1, x). Equation (9) is solved
numerically with the proper time dynamics approximated by

Qu(r + A7) ~ Ati 5, o At + )i ( ) AT i
alt T) X exp thcy 22g,x x1)g1(x — x1) | exp 7

o 0.1 0 1, —1
X | —=ihcy y PP T exp —Arigz(x—xz)gg(x—xg) T

« ex AT 1 Frey 0] 0 ox AT 1 2 0
—— = | —ihc — ———mc
P2 s e PAT MY

BT g — i (x —x) ) 240

5 2g1 X X1)81(Xx X1 AT
with T ~ []exp (—Ar 7%1 Ho). We discretize the proper time and space with steps At and Ax
(cAt = Ax). The boundary conditions are walls at x = —8 A and x = 8 A in such a way

that Q4 (t, =8 A) = Q4(r,8A) = 0 for all 7. All operators (including T) can be evaluated
directly or are approximated by using the method of Wessels, Caspers and Wiegel [19] or by
using Wendroff’s formula (see e.g. [20]).
For simulating the second part of the algorithm (after a first detection by detector D, at
proper time 1), we define
Q" (7, %) 1= WUierrng—no.0) W) () = W (€T + X0 — 3, X)

with W, being a solution of (1) and (3) and get
ad h
ini—— QY (7, x) = HoQy" (¢, %) — i85 (x — ) (x — 1) Q4" (. x). (10)
T

This equation must be solved with the initial condition

7! — xS (11,
Qg')(rl,x): 81(x — x1)Q4 (71, X) ‘ (11

S dx 2@, 0gi (= xgixr = 1) (x1, )

This can be done approximately in analogy with section 4.1. Using 24 (t, x) and Qg‘) (t,x),
we can calculate Py, 12, p12(71, 72), po(t) and T; .

The computation is carried out with proper time and space step cAty = Axp =
0.0006. The value of tcyr depends on the particle momentum: tcyr = 31.5A/c
(po = 0.25mc), tcur = 17.5 A/c (po = 0.5mc), Tcyr = 13.5 A/C (po = 0.75mc), tcur =
11.5A/c 1.0mec < po < 1.5mc), tcur = 10.5A/c (1.5mc < py). Moreover, the
computation is done with proper time and space step cAty = Axy = 0.001. So the error in
the expectation value 7 ¢ can be approximated by

AXB
error(7;0) = £ o1 T0(Axp) = Tr0(Axa)l. 12)
B

A)CA—A
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Figure 3. Mean traversal time 7; ¢ versus particle momentum pq in the detectors’ rest frame
K, starting with different initial states : Wo p (boxes with error bars), Wo y (triangles with error
bars), Wy py (circles with error bars), other parameters see text; results from classical relativistic
mechanics #; gy (dotted line).

The error in the probability Py 12 is approximated by a similar formula:

A)CB
error(Peo,12) = F——————[Poo,12(AXB) — Poo,12(AX4)|. (13)
AXA — AXB

5.2. Results

The simulation is performed with different initial states and different particle momenta py. We
setxg = —1.5A, Ak =10A"" and n = 0.1 A. The detector parameters are x; = 0 A, Ax; =
0.5A, W, =1x103mc?and x, = 1.26 A, Ax, = 0.02A, W, = 1 x 1073 mc2.

Figure 3 shows the expectation values for traversal time in the detectors’ rest frame K|
with different initial states and different particle momenta py. The errors calculated by (12) are
also plotted. The first result is that there is nearly no dependence on the initial state. In addition,
the times which one obtains by using classical relativistic mechanics of a point-particle are
plotted:

2,2

X2 — X1 m=c

Ir,RM = I+ —
c 12
There is good agreement between the simulated results and those obtained by using classical
relativistic mechanics. This agreement becomes more accurate with increasing particle
momentum py.
Figure 4 shows the probability densities py for traversal time in the detectors’ rest frame
K, with different initial states. The probability densities have a peak at the classical expected
traversal time. Again, there is nearly no difference between the states Wy p or Wy y. There
are only small differences with the results obtained with the initial state Wy py.
Next, we look at the situation in a moving reference frame K,. It moves with velocity v
relative to K. The traversal time in the framework of classical relativistic mechanics is

N 1 v
trM = —F——— [l‘z,RM - ;(Xz - Xl)] .

The correlation between ¢, gy and 7, gy in classical relativistic mechanics is the same as the
correlation between T; o and 7; ,, in our formalism (see (8)). Again, there is good agreement
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Figure 4. Probability densities pg for traversal time in the detectors’ rest frame Ky, initial state:
Wo, p (small solid line), Wo y (big dotted line), Wp pn (dashed line), particle momentum po; the
vertical solid line indicates the traversal time given by classical relativistic mechanics.

[T T T T3 10
35 '_(b)
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[ E -
2 [® o./0% 1
; i2
15 ¢
" " " " " -I_I 1 1 1 1 IE 0
0 02 04 06 08 1 10° 10% 10® 0.01 01 1.0
Axq[A] W, [mc?]

Figure 5. Mean traversal time 7; o (circles with error bars, left axis) and probability Py 12 (boxes
with error bars connected with a solid line, right axis); initial state Wy p with pg = 0.75 mc;
detector Dy: Axy = 0.02A, W, = 1 x 1073 mc?; the dotted line indicates the traversal time
deduced from classical relativistic mechanics; (a) detector height W; = 1 x 1073 mc?; (b) detector
width Ax; = 0.5A.

between our results and those obtained in classical relativistic mechanics in all reference
frames.

Now, let us examine how the results depend on the detector parameters. The particle
momentum is fixed at pop = 0.75 mc and the initial quantum state is Wy p. The parameters of
the first detector D, are varied and those of the second detector D, are fixed at Ax, = 0.02 A
and W, = 1 x 1073 mc2.

First, we compute Po 12 and the expectation value 7; o in K for different detector widths
Ax; while keeping W, = 1 x 1073 mc? fixed (see figure 5(a)). There exists a range of
detector width (0.3 A < Ax; < 1.0 A) for which the expectation value T; o does not change

~

in a significant way. But the probability for two detections P, 12 increases with increasing
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detector width Ax;. In the range 0.3 A < Ax; < 1.0 A the forms of the probability densities
po do not differ in a significant way. The peaks only become wider with increasing detector
width Ax;. If the detector width is very small (Ax; = 0.02 A), the wavefunction changes
strongly through the detection by D; and the probability density pq is qualitatively different.

Now let us fix Ax; = 0.5 A and vary W, (see figure 5(b)). In the case of weakly intrusive
detectors W; < 5 x 1073 mc?, the expectation values T; o do not differ in a significant way.
For higher detectors, the expectation values T; ¢ increase a bit with increasing detector height
W,. The probability P, |2 increases with increasing Wy, a fact one expects intuitively. With
increasing detector height Wy, the peak of the probability densities pq is shifted to higher
traversal times.

In the last part of this section, we fix the parameters of D; at Ax; = 0.5 A and
W, = 1 x 1073 mc? and vary the parameters Ax, and W, of detector D,. The following
pairs of detector parameters are examined: Ax, = 0.02A/W, = 1 x 103 mc?, Ax, =
0.02A/W, = 1.0mc?, Ax, = 0.5A/Wo =1 x 103 mc? and Ax, = 0.5A/W, = 1.0mc>.
The resulting probability densities pp and expectation values T; ¢ are nearly the same in the
first three cases. The only exception is the case of a very wide and ‘height’ detector (last case).
In that case, the mean traversal time 7; ¢ is lower than in the other cases. The probability
Pwo.12 grows significantly if one increases the detector width Ax; or the detector height W,.
There is the same qualitative dependence of P., 2 on the parameters of detector D, as on the
parameters of detector D;.

Note that the following fact is true in the case of weakly intrusive detectors (W, = W, =
1 x 1073 mc?): the dependence of T} o on Ax; is ‘stronger’ than the dependence on Ax,. The
reason for this is clear: changing the width Ax; of the first detector D; changes not only the
first ‘detection-time’ but also the form of the wavefunction after the first detection.

Summarizing, there is a wide range of parameters of D; and D, for which the mean
traversal time does not change significantly. Remember that the same result was found in the
study of ‘time of arrival’.

6. Conclusion

In this paper, the time of arrival and the traversal time of a free particle with spin % has been
calculated using the covariant, relativistic extension of EEQT proposed in [17].

We have found out that there is good agreement between the expectation values of our
simulation and the results obtained by using classical relativistic mechanics of a free point
particle. Moreover, this agreement is independent of the reference frame and holds for a wide
range of detector parameters. In general, in our algorithm the particle state consists of positive
and negative energy parts (after a detection this is always the case). Nevertheless, it has been
shown that one can deal in these applications consistently with a one-particle interpretation.

The results presented encourage us to use the algorithm in the future to examine also
moving detectors or a particle affected by a potential barrier.

Let us conclude this paper with some comments on two assumptions included in our
algorithm: first, we have assumed for simplicity that the events are associated with points in
spacetime, but the algorithm can be also formulated by relating the events with regions of the
spacetime. The other assumption is that no event can be placed in the backward light-cone
of the previous event. This condition is also chosen because it is simple and covariant. It
is also possible to choose, for example, the condition in the following way: let us associate
with every event a ‘rest frame’ (e.g. the rest frame of the detector) in which the event happens
at time ¢t = 0. If an event happens, we choose its rest frame and demand that the following
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event must happen at a time ¢ > 0. The results would not change significantly except for the
position of the cut (for example in figure 2 it would be at ¢t = 0 A/c).
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